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$p \leq q<p\leq q\leq\frac{N}{\infty N-},mLp$
’
$\frac{N}{\mathrm{p}}<m,$ $p\leq q\leq\infty$ .
$m=1<N/p$ , $L^{q}$(RN)
$||$u $||$ z$q$ (mN) $\leq C||\nabla u||_{L^{p}(\mathbb{R}^{N})}$
Talenti[4] ($N=1$ , Bliss [1] ).
$\frac{N}{p}<m$ $L^{\infty}(\Omega)$
$||$ jj $||$ r”(o) $\leq c_{m}||$u $||$ Hm(n)t
Morosi-Pizzocchero [3] $\Omega=\mathbb{R}^{N},$ $p$ =2, $q=\infty,$ $\frac{N}{2}<m$
$H^{m}(\mathbb{R}^{N})$
$||$f $||$H$m$ (mN) $=||$ ( $1+|$g $|^{2}$)m/2 $\hat{f}||$z2(n $N$).
$c_{m}= \frac{1}{(4\pi)^{N/4}}(\frac{\Gamma(m-\frac{N}{2})}{\Gamma(m)})^{\mathrm{z}}1$ ,
$\frac{1}{(2\pi)^{N/2}}\int_{\mathrm{R}^{N}}\frac{e^{\dot{\infty}\xi}}{(1+|\xi|^{2})^{m}}d\xi$
. , 1 Marti [2]
.
1(Marti). $\Omega=(a, b)$ ,
$(f,g)_{H^{m}(a,b)}:=. \sum_{\wedge-\wedge}^{m}\int_{a}^{b}\frac{\dot{\theta}f}{dx^{i}}\cdot\frac{d^{i}g}{dx^{i}}dx$ (6)
. $c_{1}=\sqrt{\coth(b-a)}$, $u(x)=C$ . coeh(x) $C|$
$\cosh(a+b-x),$ $x$ \in (a, $b$) .
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Morosi-Pizzocchero , (Sharp) Hausdorff-Young
, (5) . , Marti
$c_{1}$ , $u(x)=C\cdot \mathrm{c}$osh(x)
, . , Sobolev
$H^{m}$ (a, $b$) $(m=1,2,3)$ $\mathrm{W}\mathrm{a}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{a}\mathrm{b}\triangleright \mathrm{Y}\mathrm{a}\mathrm{m}\mathrm{a}\mathrm{d}\mathrm{a}$ -Takahashi[5] 2
. 2 , [3]
[2] .
2
. $K$ : $E\mathrm{x}Earrow \mathbb{R}$ $H(E)$
.
(i) $y\in E,$ $K$ (x, $y$ ) $x$ $H$
(ii) $y\in E,u\in H$ ,
$u(y)=(u(\cdot), K(\cdot,y))$ (7)
. (7)
$|$u(y) $|\leq||$u$||_{H}(K(x,y),$ $K(x,y))^{\frac{1}{2}}=K(y,y)^{\frac{1}{2}}||u||_{H}$ (8)




(Green ) . ,
Dirichlet Neumann
( , ) .
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[5] \epsilon $_{\llcorner}’$ .
2. $C$ . (6) .
1. $H^{1}(a,b)$ $c_{1}=\sqrt{\coth(b-a)}$ , $C\cdot u(x)$ or $C\cdot u(a+b-x)$ ,
$u(x)= \frac{e^{-(oe-a)}(e^{2oe}+e^{2b})}{e^{2b}-\grave{e}^{2a}}$,
2. $H^{2}(a, b)$ $c_{2}=\sqrt{L_{2}^{\mathrm{s}}\coth L_{2}^{\mathrm{s}}(b-a)}f$ $C\cdot u(x)$ or $C\cdot u(a+b-x)$ ,
$u(x)$ $=$ $\frac{e^{-\mathcal{L}_{2}\S}(x-a)}{2(e^{\sqrt{3}b}-e^{\sqrt{3}a})}\{\sqrt{3}(e^{\sqrt{3}x}+e^{\sqrt{3}b})\omega \mathrm{s}(\frac{x-a}{2})$
-$(e”-e^{\sqrt{3}b}) \sin(\frac{x-a}{2})\}$ ,
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3. $C\cdot u(x)$ or $C$ .
$u(x)$ $=$ $\frac{e^{-(x-a)}(e^{2x}+e^{2b})}{2(e^{2b}-e^{2a})}+\frac{\sqrt{2}e^{-L_{2}2}(x-a)}{4(e^{\sqrt{2}b}-e^{\sqrt{2}a})}\{(e^{\sqrt{2}x}+e^{\sqrt{2}b})$ .
$\cos(\frac{x-a}{\sqrt{2}})-$ ( $e$J$x-e$J$b$) $\sin(\frac{x-a}{\sqrt{2}})\}$ ,
$H^{m}(\mathbb{R})$ $(m\in \mathrm{N})$ ,






5. $H_{0}^{1}(a, b)$ $c_{1}=\sqrt{\frac{1}{2}\tanh(\frac{b-a}{2})}$, $C\cdot u(x)$ ,
$u(x)=\{$
$\frac{e^{-(x-^{\underline{\iota}_{\overline{T}^{a}}})}(e^{2x}-e^{2a})}{2(e^{a}+e^{b})}$ $a\leq x\leq y$
$\frac{e^{-(x-\frac{a-b}{2})}(-e^{2x}+e^{2b})}{2(e^{a}+e^{b})}$ $y\leq x\leq b$ .
Proof. Case 2 ( [5] ).
$K(x,y)=\{$
$K_{1}(x)$ , $(a\leq x\leq y)$






$= \int$ab(u(2)(x)K(2)(x, $y)+u^{(1)}(x)K$(1)(x, $y)+u(x)K$(x, $y)$ ) $dx$
$=$ $[K_{2}^{(2)}(x)u^{(1)}(x)]_{y}^{b}+[(-K_{2}^{(3)}+K_{2}^{(1)})(x)u(x)]_{y}^{b}$
$+[K_{1}^{(2)}(x)u^{(1)}(x)]_{a}^{\mathrm{y}}+[(- K\}3$ $K_{1}^{(1)})(x)u(x)]_{a}^{v}$
$+l^{b}$ ( $K_{2}^{(4)}$ -KS2)+K2)(x)u(x)d\pm + $\int$ay(K}4)-K}2 $K_{1}$ ) $(x)u(x)dx$ .
(K}4)--K}2 $K_{1}$) $(x)=0$, $(a\leq x\leq y)$ , (10)








($u(x),$ $K($x, $y)$ ) $=u(y)$ .






$c_{1}e^{-(-1)oe}+c_{2}e^{(-1)}+c_{3}e^{-(-1)}+c_{4}e^{(-1)}\S 8_{x}8_{x}8_{x}$ , $(a\leq x\leq y)$
$c_{5}e^{-(-1)}+c_{6}e^{(-1)}+c_{7}e^{-(-1)x}+c_{8}e^{(-1)x}8_{x}8_{x}\S\S$ , $(y\leq x\leq b)$ .




$\cos(_{2}^{\underline{x}-\mathrm{A}})-$J$(e^{\sqrt{3}(x+b)}-e^{\sqrt{3}(y+a)}) \sin(o\frac{e-}{2}\mathrm{A})\}$, $(a\leq x\leq y)$ ,
$\frac{\sqrt{3}e^{-\oplus(x+y)}}{6(e^{\sqrt{3}b}-e^{\sqrt{3}a})}$ { $(2e^{\sqrt{3}(x+y)}+e^{\sqrt{3}(}x+a)$ $+e$J$(y+b)$ $+\mathit{2}e^{\sqrt{3}(}$afb)).
$\cos(\frac{x-}{2}\mathrm{A})-$J($e^{\sqrt{3}(}$g$+a$) $-e^{\sqrt{3}(}y+b))$ $\sin(_{2}^{\underline{x}}-\mathrm{r})\}$ , $(y\leq x\leq b)$ .
$y=a$ $y=b$ $K(y,y)$ . 1 $a=0,b$ =1
$K$(y, $y$ ) .
(12), (13), (15), (16) 2 .
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1. $f,g\in H^{2}(\mathbb{R}_{+}^{2})$
$(f,g)_{H^{2}(\mathrm{R}_{+}^{2})}$ $= \int_{0}^{\infty}\int_{-\infty}^{\infty}\frac{\partial^{2}f}{\partial x_{1}^{2}}\cdot\frac{\partial^{2}g}{\partial x_{1}^{2}}+2\frac{\partial^{2}f}{\partial x_{1}\partial x_{2}}\cdot\frac{\partial^{2}g}{\partial x_{1}\partial x_{2}}+\frac{\partial^{2}f}{\partial x_{2}^{2}}\cdot\frac{\partial^{2}g}{\partial x_{2}^{2}}$
$+p\nabla f\cdot\nabla g+qfgdx_{1}dx_{2}$ (20)
$(p^{2}-4q\geq 0, p >0, q>0)$ .
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Figure 1: $K(y, y)$ for $a=0,$ $b=1$ .
$p^{2}=$ ($d>4q$ ,
). , .
3. $p^{2}=4q$ . :
$||$u $||$L”c}) $\leq c_{2}||u||_{H^{2}(\mathrm{R}_{+}^{2}\rangle}$ (21)
$c_{2}=2/\sqrt{\pi p}$ ,
$u(x)=C(g(x_{1},x_{2},y_{1},0)+ \int_{-\infty}^{\infty}e^{i(x_{1}-y_{1})\xi_{1}}e^{-oe_{2}A}(\frac{5}{12}A^{-3}\frac{1}{12}x_{2}A^{-2})d\xi_{1})$ (22)
( $C$ , $A=\sqrt{\xi_{1}^{2}+p}/2$) .
$(\Delta^{2}-p\Delta+q)g(x,y)=\delta$(x-y) (23)
( ) (23) ,
$g(x,y)= \frac{1}{2\pi}\int_{0}^{\infty}J_{0}(\rho\sqrt{(x_{1}-y_{1})^{2}+(x_{2}-y_{2})^{2}}\frac{\rho}{\rho^{4}+p\rho+q}d_{\beta}$ (24)
. $J_{0}$ 0 Bessel . $B_{\epsilon}(y):=\{x\in$
$\mathbb{R}^{2}||x-y|\leq\epsilon\},$ $\Omega$
\epsilon
$:=\mathbb{R}_{+}^{2}\backslash B_{\epsilon}(y)$ . Green
.
1. $f\in$ { $C_{0}^{\infty}(\mathbb{R}^{2})$ $\Omega_{\epsilon}$ }, $g\in C^{\infty}(\neg\Omega_{\epsilon}$
$(f,g)_{H^{2}(\Omega_{\epsilon})}$ $= \int_{\Omega_{\epsilon}}f\cdot(\Delta^{2}-p\Delta+q)gdx_{1}dx_{2}$ (25)
$+ \int_{\partial\Omega_{\epsilon}}f$ . ($p \frac{\partial g}{\partial n}$ —\partial \partial \Delta ng)d\sigma +j\subsetneq 6 $\frac{\partial f}{\partial x_{1}}\cdot\frac{\partial}{\partial n}(\frac{\partial g}{\partial x_{1}})d\sigma$
$+$
$\epsilon$
$\frac{\partial f}{\partial x_{2}}\cdot\frac{\partial}{\partial n}(\frac{\partial g}{\partial x_{2}})d\sigma$
. $\partial/\partial n$ $\Omega_{\epsilon}$ .
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.
2. $f\in H^{2}(\mathbb{R}_{+}^{2})$ (24) $g$
$(f,g)_{H^{2}(\mathrm{R}_{+}^{2})}$
$= \int_{-\infty}^{\infty}f$(x1, $\mathrm{O}$){ $-p \frac{\partial g}{\partial x_{2}}$ (x1, $0$) $+2 \frac{\partial^{3}g}{\partial x_{1}^{2}\partial x_{2}}$(x1, $0$) $+ \frac{\partial^{3}g}{\partial x_{2}^{3}}$ (x1, $0$) $)dx_{1}$
- $\int_{-\infty}^{\infty}\frac{\partial f}{\partial x_{2}}$ (x1, $0$) $\frac{\partial^{2}g}{\partial x_{2}^{2}}(x_{\mathrm{b}}0)dx_{1}+f$ (y1, $y_{2}$ )
.
Pmof. { $C_{0}^{\infty}(\mathbb{R}^{2})$ $\Omega_{\epsilon}$ } $H^{2}(\mathbb{R}_{+}^{2})$ dense $f\in$ { $C_{0}^{\infty}(\mathbb{R}^{2})$ $\Omega_{\epsilon}$ }
. $\epsilon$ /\partial n $=-\partial/\partial r,$ $x_{1}$ /\partial n $=-\partial/\partial x_{2}$
1
$(f,g)_{H^{2}(\Omega_{\epsilon})}$ $= \int_{\Omega_{\epsilon}}f(x,y)(\Delta^{2}+p\Delta+q)g(x, y)dx_{1}dx_{2}$ (26)
$+ \int_{-\infty}^{\infty}f$(x1, $\mathrm{O}$){ $-p \frac{\partial g}{\partial x_{2}}$ (x1, $0$) $+2 \frac{\partial^{3}g}{\partial x_{1}^{2}\partial x_{2}}\langle x_{1},0$) $+ \frac{\partial^{3}g}{\partial x_{2}^{3}}$ (x1, $0$) $)dx_{1}$
$- \int_{-\infty}^{\infty}\frac{\partial f}{\partial x_{2}}$ (x1, $0$) $\frac{\partial^{2}g}{\partial x_{2}^{2}}$ (x1, $0$) $dx_{1}$
$+ \epsilon\int_{0}^{2\pi}f(y_{1}+\epsilon\cos\theta, y_{2}+\epsilon\sin\theta)(-p\frac{dg}{dr}+\frac{d}{dr}(\Delta g))|_{f=\epsilon}d\theta$
$- \epsilon\int^{2\pi}0\frac{\partial f}{\partial x_{1}}$ . $\frac{\partial}{\partial x_{1}}(\frac{dg}{dr})|_{r=\epsilon}d\theta-\epsilon l^{2\pi}\frac{\partial f}{\partial x_{2}}\cdot\frac{\partial}{\partial x_{2}}(\frac{dg}{dr})|_{\mathrm{r}=\epsilon}d\theta$
. $x_{1}-y_{1}=r\mathrm{c}$os $\theta,x_{2}-y_{2}=r\mathrm{s}$in $\theta$ . $\Omega_{e}$ $(\Delta^{2}+p\Delta+q)g=0$







$J_{1}( \rho\epsilon)d\rho-\frac{\epsilon q}{2\pi}\int_{0}" J_{1}(\rho\epsilon)\frac{1}{\rho^{4}+p\rho^{2}+q}d\rho$ .
$\int_{0}$
“
$J_{1}(x)dx= \int_{0}^{\infty}\frac{dJ_{0}}{dx}(x)dx=-70(\infty)+$ 70(0) $=1$
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, $|J_{1}(\rho\epsilon)|\leq 1$
$| \frac{\epsilon q}{2\pi}\int_{0}^{\infty}J_{1}(\rho\epsilon)\frac{1}{\rho^{4}+p\rho^{2}+q}d\rho|\leq\frac{\epsilon q}{2\pi}\int_{0}^{\infty}\frac{1}{\rho^{4}+p\rho^{2}+q}d\rhoarrow 0$ as $\epsilonarrow 0$
.
$. \mathrm{M}\epsilon\epsilonarrow 0\int_{0}^{2\pi}f(y_{1}+\epsilon\cos\theta,y_{2}+\epsilon\sin\theta)(-p\frac{dg}{dr}+\frac{d}{dr}(\Delta g))|,-\epsilon d\theta=f(y_{1},y_{2})$.
5 . $g$ $\theta$
$\epsilon\int_{0}^{2}$
”
$\frac{\partial f}{\partial x_{1}}$ . $\frac{\partial}{\partial x_{1}}(\frac{dg}{dr})|_{f=\epsilon}d\theta=\epsilon\int_{0}^{2}"\frac{\partial f}{\partial x_{1}}\cdot\cos\theta\frac{d^{2}g}{dr^{2}}||=\epsilon$d$\theta$ .
$\frac{d^{2}}{dr^{2}}$
.
$(J_{0}(pr))=- \rho^{2}J_{0}(\rho r)-\frac{1}{r}\frac{d}{dr}(J_{0}(\rho r))=-\rho^{2}$ 70 $( \rho r)+\frac{\rho}{r}$J1 $(\rho r)$
$| \epsilon\frac{d^{2}g}{dr^{2}}|_{t=\epsilon}|\leq\frac{1}{2\pi}\int_{0}^{\infty}\epsilon|J_{0}(\rho\epsilon)|\frac{\rho^{3}}{\rho^{4}+p\rho^{2}+q}d\rho+\frac{1}{2\pi}\int_{0}^{\infty}|J_{1}(\rho\epsilon)|\frac{\rho^{2}}{\rho^{4}+p\rho^{2}+q}d\rho$ . (28)
$\epsilon_{0}$ . $xarrow\infty$ $J_{0}(x)\sim\sqrt{2}/(\pi x)\cos(x-\pi/4)$





$arrow 0$ (as $\epsilonarrow 0$) $.$
(29) 2 $\epsilonarrow 0$ , 0 . $\epsilon$





, 2 $\leq\epsilon_{0}/2$ . $\epsilon$
$| \epsilon\frac{d^{2}g}{dr^{2}}|_{r=\epsilon}|\leq\epsilon$
0
$| \int_{0}^{2\pi}\frac{\partial f}{\partial x_{1}}\cdot\frac{\partial}{\partial x_{1}}(\frac{dg}{dr})|_{r=\epsilon}d\theta|\leq\psi 0\zeta_{2\pi}^{|\frac{\partial f}{\partial x_{1}}|\cdot\epsilon_{0}}arrow 0$ ( $\epsilonarrow 0$)
. (26) 6 .
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, 2 $\mathbb{R}_{+}^{2}$ $C^{\infty}$ $v$
$(\Delta^{2}+p\Delta+q)v=0$ (31)
$(-p \frac{\partial v}{\partial x_{2}}+2\frac{\partial^{3}v}{\partial x_{1}^{2}\partial x_{2}}+\frac{\partial^{3}v}{\partial x_{2}^{3}})$(x1, $0$) $=(-p \frac{\partial g}{\partial x_{2}}+2\frac{\partial^{3}g}{\partial x_{1}^{2}\partial x_{2}}+\frac{\partial^{3}g}{\partial x_{2}^{3}})$ (x1, 0) (32)
$\frac{\partial^{2}v}{\partial x_{2}^{2}}(x_{1},0)=\frac{\partial^{2}g}{\partial x_{2}^{2}}(x_{1},0)$ (33)
, $K=g-v$ $H^{2}(\mathbb{R}_{+}^{2})$ .
$\hat{v}(\xi_{1},x_{2})=\int_{-\infty}^{\infty}e^{-1x_{1}\xi_{1}}.v(x_{1}, x2)$dx1, $\hat{g}(\xi_{1}, x_{2})=\int_{-\infty}^{\infty}e^{-ix_{1}\xi_{1}}g(x_{1},x2)$ dx1
$-(p+2 \xi_{1}^{2})\frac{\partial\hat{v}}{\partial x_{2}}(\xi_{1},0)+\frac{\partial^{3}\hat{v}}{\partial x_{2}^{3}}(\xi_{1},0)=-(p+2\xi_{1}^{2})\frac{\partial\hat{g}}{\partial x_{2}}(\xi_{1},0)+\frac{\partial^{3}\hat{g}}{\partial x_{2}^{\theta}}(\xi_{1},0)$ (34)
$\frac{\partial^{2}\hat{v}}{\partial x_{2}^{2}}(\xi,0)=\frac{\partial^{2}\hat{g}}{\partial x_{2}^{2}}(\xi,0)$ (35)
. , H
$\frac{\partial^{4}\hat{v}}{\partial x_{2}^{4}}-(2\xi_{1}^{2}+p)\frac{\partial^{2}\hat{v}}{\partial x_{2}^{2}}+(\xi_{1}^{4}+p\xi_{1}^{2}+q)\hat{v}=0$
$p^{2}=4q$ , $x_{2}arrow\infty$ $\hat{v}arrow 0$ $A=\sqrt{\xi_{1}^{2}+p}/2$
$\hat{v}(\xi_{1},x_{2})=c_{1}e^{-x_{2}A}+$ c2x2e
$-x_{2}A$ (36)
. (34), (35) $c_{1},c_{2}$
$c_{1}$ $=$
$\frac{-4A_{\partial x_{2}2}^{2\ ^{\wedge}(\xi_{1},\mathrm{o})+Aa\frac{\partial^{2}}{e}\mathrm{f}\hat{\mathrm{l}}(\xi_{1},0)+2_{\partial}^{\partial}\hat{4}_{x_{2}}^{\mathrm{s}}(\xi_{1},0)}}{3A^{3}}$ (37)
$c_{2}$ $=$
$\frac{-2A_{x_{2}}^{2_{\frac{\partial}{\partial}}\hat{\mathrm{g}}}\cdot(\xi_{1},0)-A\frac{\partial}{\partial}x_{2}\not\leq(\xi_{1},0)+\frac{\partial^{\theta}}{\partial x}\#(\xi_{1},0)2\wedge\wedge 2}{3A^{2}}$ . (38)






$c_{1}$ $=$ $(- \frac{1}{12}y_{2}A^{-2}-\frac{5}{12}A^{-3})e-y_{2}Ae^{-}$
i$y$141
$c_{2}$ $=$ $(- \frac{1}{6}y_{2}A^{-1}-\frac{1}{12}A^{-2})e^{-y_{2}A}e^{-iy_{1}\xi_{1}}$ .
$v(x,y)= \frac{1}{2\pi}\int_{-\infty}^{\infty}e^{\dot{l}}$
(z1 $-y_{1}$ )$\xi_{1}-e(x_{2}+$hE$(- \frac{5}{12}A^{-3}-\frac{1}{12}y_{2}A^{-2}-\frac{1}{12}x_{2}A^{-2}-\frac{1}{6}x_{2}y_{2}A^{-1})d\xi_{1}$ ,
$v(y,y)= \frac{1}{2\pi}\int_{-\infty}^{\infty}e^{-2y\mathrm{a}A}(-\frac{5}{12}A^{-3}-\frac{1}{6}y_{2}A^{-2}-\frac{1}{6}y_{2}^{2}A^{-1})41$
$v(y,y)$ $y_{2}$ .
$\frac{dv}{dy_{2}}(y, y)=$ g $\int_{-\infty}^{\infty}e^{-2}$”($( \frac{2}{3}A^{-2}+\frac{1}{3}y_{2}^{2})d\xi_{1}>0$ (40)
$v$ (y, $y$) $y_{2}=0$
$\min_{y\in \mathrm{R}_{+}^{2}}v(y,y)=-\frac{5}{24\pi}\int_{-\infty}^{\infty}A^{-3}d\xi_{1}=-\frac{5}{6\pi p}$ (41)
.
$\max_{y\in \mathrm{R}_{+}^{2}}K(y, y)=g(y\mathit{1}y)+\frac{5}{6\pi p}=\frac{1}{2\pi p}+\frac{5}{6\pi p}=\frac{4}{3\pi p}$. (42)
$c_{2}$ $2/\sqrt{\pi p}$ , $C\cdot(g(x_{1},x_{2}, y_{1},0)-$
$v(x_{1}, x2,y_{1},0))$ . $p=2,q$ =1 .
$H^{2}(\mathbb{R}^{2})$ (6) .
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